A NOTE ON GROWTH OF FOURIER TRANSFORMS AND MODULI OF 
CONTINUITY ON DAMEK RICCI SPACES 

SWAGATO K. RAY AND RUDRA P. SARKAR 

Abstract. We obtain results related to boundedness of the growth of Fourier transform by the mod- 
ulus of continuity on Damek-Ricci spaces. For noncompact riemannian symmetric spaces of rank one, 
analogues of all the results follow the same way. 



1. Introduction 

This article is motivated by a recent paper of Bray and Pinsky ( 3 ) on growth properties of Fourier 
transform on euclidean spaces and their analogues on noncompact riemannian symmetric spaces of rank 
one. The two main results for symmetric spaces X proved in [3J are the following (for notation see [3] 
and Section 2): 

Theorem 1.1. Let p e [1,2] and f S L P (X). Then for \r)\ < ~f p , A S R and r > r > 



sup 

A 




\f(X + i v ,k)\dk 



K 




Theorem 1.2. For p G (1, 2) let f be a K -finite function in L P (X). Then for \n\ < ^ v p, A £ 1 and 
r > r > 

V /P ' /I 
\f(\ + i7 1 ,n)fdk\c(\)\~ 2 d\\ < C Ptn Q p [f] f - 

The natural question whether this theorem can be generalized without putting the restriction of 
if-finiteness is asked by the authors in [3 . They have also conjectured the existence of analogues of 
these results for radial functions on harmonic N A groups, which are also known as Damek-Ricci spaces. 
We shall use both of these names. 

We recall that a riemannian symmetric space X of rank one is a quotient space G/K where G is a 
connected noncompact semisimple Lie group of real rank one with finite centre and if is a maximal 
compact subgroup of G. We also recall that a harmonic NA group S is a solvable Lie group. The 
distinguished prototypes of them are the noncompact riemannian symmetric spaces of rank one, which 
account for a very small subclass of the class of all NA groups (see [T]). All the results proved in this 
article for NA groups will have natural interpretations on symmetric spaces and proving them will be 
simpler. Some of the intrinsic difficulties of working with NA groups is the lack of G-action and in 
particular if-action (in other words lack of symmetry), the noncompactness of the subgroup N which 
somewhat takes the place of the maximal compact group K and lack of a rich representation theoretic 
background. 

Purpose of this article is to consider the theorems mentioned above for general functions on Damek- 
Ricci spaces and to put them in a form which reveals their differences with that on the euclidean 
spaces. 
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Two main ingredients of the proof of these theorems in [3] are analogues of Hausdorff- Young inequality 
(for radial and if-finite functions proved in [TJ [8]) and restriction theorem (proved in [13J [15]); precisely, 
for 1 < p < 2 and \n\ < (2/p - l)p 

\f(\ + ir),k)\dk<C\\f\\ p . 

However, it turns out that on symmetric spaces or more generally on NA groups one can have stronger 
analogues of restriction theorem (see [2] and Section 3). In the case of symmetric spaces these results 
can be interpreted as norm estimates of certain matrix coefficients of class- 1 principal series representa- 
tions of the underlying group G and can be linked to the Kunze-Stein phenomenon (see [4]). We need 
to elaborate on this. Like radial functions the Fourier transform of a general i p -function also exist 
on the strip S p (defined in Section 2) parallel to the real line. But there is an angular variable (k for 
symmetric space and n for NA group). If / is a radial function in L P {X) then sup A |/(A)| < C||/|| p 
in a smaller strip. But in the absence of radiality one is concerned about the behavior in k variable 
of the Fourier transform. We see that the behavior depends on 3A. That is inside the strip on every 
line parallel to the real axis Fourier transform behaves differently in k variable. We may stress that in 
particular it changes as we move from a + ir\ to a — ir\. In the context of symmetric space this can be 
attributed to Herz's principe de majoration ) and Kunze-Stein phenomenon ([HE]). 

Coming to the second theorem (which is an application of Hausdorff- Young inequality) we notice 
that, unlike W 1 on NA the following well known inequality is not true: 

sup||/(A, OIU-W < Cll/lli- 

In fact the best result we know is: 

sup||/(V)|| L2(/f) <C||/||i. 
agr 

This indicates that on these spaces the Hausdorff- Young inequality will involve mixed norms which will 
change as A will vary over a strip on the complex plane. Strips which are symmetric about the real line 
are the natural domains of the Fourier transforms /(A, k) for various Lebesgue and Lorentz spaces. We 
may stress here that finer subdivisions of L p spaces called Lorentz spaces appear naturally in this set 
up for both of these theorems (see Section 3 for details). 

Such results are recently proved by the authors f |14j). In this article we further improve these 
theorems and as consequences obtain new analogues of Theorem 1.1 and 1.2. We conclude by noticing 
that the L p -norm of the spherical mean operator M t defined in :3] decays exponentially as t — > oo 
(proved in Section 4 and Section 6). This is a noneuclidean phenomenon which also vindicates that in 
these spaces results will be different from those on the euclidean set up. 

2. PRELIMINARIES 

Most of the preliminaries can be found in [2J[TJ[l4]. To make the article self-contained we shall gather 
only those results which are required for this paper. For a detailed account we refer to [14j . 

Everywhere in this article for any p € [1, oo), p' = p/(p — 1) and 7 P = 2/p — 1, = —1. We note 
that 7 P = — j p r. For a complex number z, we will use Sftz and 9z to denote respectively the real and 
imaginary parts of z. For p G [1, 2] we define 

S p = {zeC\ < lpP }. 

By S° we denote the interior of the strip. 

We will follow the standard practice of using the letter C for constant, whose value may change from 
one line to another. Occasionally the constant C will be suffixed to show its dependency on important 
parameters. The letters C and R will denote the set of complex and real numbers respectively. 

Let n — D © 3 be a ff-type algebra where and 3 are vector spaces over E of dimensions m and k 
respectively. Indeed 3 is the centre of n and is its ortho-complement with respect to the inner product of 
n. Let N — exp n. We shall identify and 3 and N with W 11 , K fe and R m x R k respectively. Elements of A 
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will be identified with at = e* , t G R. A acts on N by nonisotropic dilation: 5 at (X, Y) = (e~ l X, e~ 2t Y). 
Let S — NA be the semidirect product of N and A under the action above. Then S is a solvable 
connected and simply connected Lie group with Lie algebra s = © 3 © R. It is well known that S is a 
nonunimodular amenable Lie group. The homogenous dimension of S is Q = m/2 + k. For convenience 
we shall also use the symbol p for Q/2, An element x = na = n(X, Y)a G S can be written as (X, Y, a), 
I £ t),r* £ },a e A Precisely (X, Y, a) is identified with exp(A + Y)a. We shall use the notation 
A(x) = A(na t ) = t. 

A function / on S is called radial if for all x,y G S 1 , /(x) = /(y) if d(x, e) = d(y, e), where d is the 
metric induced by the canonical left invariant riemannian structure of S. For a radial function / we 
shall also use f(t) to mean f(a t ). 

For a suitable function / on S its radialization Rf is defined as 



(2.1) Rf(x) = / f(y)da u (y), 

JSv 

where v = r(x) and dov is the surface measure induced by the left invariant Riemannian metric on the 
geodesic sphere S v — {y G S \ d(y, e) = v} normalized by J s da v {y) = 1. It is clear that Rf is a radial 
function and if / is radial then Rf = f. 

The Poisson kernel V : S x N — ► R is given by V(nat, n{) = P at (n^ 1 ?-?,) where 




(2.2) P at (n)=P at (V,Z)=Ca? K + ^T" + I^N , n = (V, Z) € tf. 



The value of C is adjusted so that f N P a (n)dn = 1 and Pi(»i) < 1 (see [31 (2.6)]). We also need the 
following: 

(1) P a (n)=P a {n- 1 ). 

(2) P at {n) = P 1 (a- t na t )e- 2pt . 

(3) P(x,n) = P(nia t ,n) = P Qt (n _:L ni) = P^n^n). 

(4) P A (x, n) = P(x, n)V2-<VQ = 73(3, n )-(*A-p)/<3 

(5) P(P A (-,n))(x) = <£ A (x)P A (e,n), P^"^")^) = </> A (x). 

The action of class- 1 principal series representation 7r A , A G C realized on functions on N is given by: 

(7r_ A (niOt)0)(n) = ^(a_ t nr 1 na t )e t ( iA -"). 

From this it is easy to verify that (■7r_ A (x)P 1 1/ ' 2 lX ^)(n) = V\(x, n). 
The elementary spherical function 4>\{x) is given by 

$ x {x) = {iT X {x)P 1 1 l2 - lX/Q ,P 1 1 l2 - lX/Q ) L , (N) = [ Vx(x,n)r-x(e,n)dn. 

It follows that is a radial eigenfunction of the Laplace-Beltrami operator C of S with eigenvalue 
— (A 2 + p 2 ) satisfying <j)\(x) — </>_ A (x), <fi\(x) — A (x~ 1 ) and <f)\(e) = 1. As P^ ip (x, n) = 1 for all x G 5 
and n € N and Vi p (x, n) — V(x, n), 

4>-i P {x) = / V ip (e,n) = / Pi(n)dn = 1. 

For a = m+ ^~ 1 and /3 = ^j^, </> A is identical with the Jacobi function cj^"'^ with the idea/ situation 
of a > (3 > —\ (seep]). Thus spherical Fourier transform is related to the Jacobi transform. 
We define the spherical Fourier transform / of a suitable radial function / as 



s 



/(A) = / f{x)<j> x {x)dx, 

whenever the integral converges. 
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The left invariant Haar measure on S decomposes as 

/ f{x)dx = I f(na t )e- 2pt dtdn, 

JS JNxA 

where dn(X, Y) — dX dY and dX, dY, dt are Lebesgue measures on 0, 3 and K respectively. 
Jacobians of the following transformations will be required for our computations. 

( a ) I N f( a tna- t ) = f N f(n)e- 2 P l dn. 

(b) J s R y f{x)dx = f s f(xy)dx = J s f{x)dxe 2pA ^ , i.e. the modular function A{y) = e - 2pA ^ . 
Here R y denotes the right-translation operator. 

(c) J s f(x- 1 )dx = J s f(x)e 2 P A( - x '>dx and J s /(x-^e^^dx = J s f(x)dx. 

For two measurable functions / and g on S we define their convolution as (see [£l p. 51]): 

/*<?(*)= / f(y)9(y-^)dy = f f(y- 1 )g(yx)A(y- 1 )dy = [ f(xy- 1 )g(y)A(y- 1 )dy. 
Js Js Js 

For a measurable function / on 5 wc define its Fourier transform (which is an analogue of the Helgason 

Fourier transform on the symmetric space) by 

/(A,n)= / f(x)V x {x,n)dx, 
Js 

whenever the integral converges. If / is radial then using (5) above we see that /(A, n) = f(\)V\(e, n). 
The Poisson transform of a function F on N is defined as (see [2]) 

<# x F(x) = / F{n)V\{x,n)dn. 
Jn 

Any norm estimate involving the Fourier transform of a function is equivalent to a dual statement 
involving the Poisson transform. Precisely, for a function / on S, a function F on ./V and for A G C, 

||7(V)]]w(iv)<C]]/]] p <=► \\y x F\\ LP , {s) < C\\F\\^ {N) . 

We shall denote the (p, q)-Lorentz spaces by L p,q (S) and the corresponding norm by || ■ 11*^. Wc 
recall that L P '°°(S) is called weak L p -space. For definitions and other details on Lorentz spaces we refer 

to [M HEl UM- 

3. Existence and some properties of the Fourier transform 
The following two theorems are proved by the authors in [14) . 

Theorem 3.1. Let f be a measurable function in the Lorentz space L p,q (S). 

(i) If 1 < P < 2 and q = 1 then there exists a subset N p of N of full Haar measure, depending only 
on f , such that /(A, n) exists for all n S N p and A G S p . 

(ii) If 1 < p < 2 and 1 < q < 00 then there exists a subset N p of N of full Haar measure, depending 
only on f, such that f(X,n) exists for all n G N p and A G S°. 

(iii) Ifp,q are as in (ii) then there exists a subset N' p of N of full Haar measure, depending only on 
f , such that f(X,n) exists for all n G N' and almost every A G dS p . 

Theorem 3.2 (Riemann-Lebesgue Lemma). Let 1 < p < 2. If f £ L P,1 (S) then for almost every fixed 
n G N the map A 1— » f(X,n) is continuous on S p and analytic on S°. Furthermore 

lim /(£ + it], n) = 

£| — >oo 

uniformly in rj G [— 7 p p, 7 P p] ■ 

For functions in L p,q (S), q > 1 the assertions above remain valid for A G S° and for rj G [— ("f P p — 
(ipiP ~ s )} f or any0<5< j p . 
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Here are improved versions of some relevant theorems proved in |14j : 
Theorem 3.3 (Restriction on line). For f G L 1 (S), q G [1, oo] and ael, 

ljJ{a + i~t qP ,n)\«d^ ^ < ll/llx. 
For f G LP'^iS), Kp<2,p<q<p' andaeR, 

\f(a + i 7q p,n)\«dn) /9 <C p , g ||/||; j00 . 

N J 

Proof. We will prove only the second part. We take pi,P2 > 1 such that p\ < p < P2 < q < p' . Using 
the result in [14j Theorem 4.2] we have 

11/ (a + HqP, OIU'W ^ CpiJI/IU 
which is equivalent to the following by duality: 

II^Pa+i7<jp£llp'i < Cpi,gll€lli9'(JV)- 

Through similar arguments we also get 

||^Pa+i7,pCllp2 — ( ^P2,q\\i\\Li' (N)- 

We interpolate between the two results above ([TOl P- 64, 1.4.2]) to get 

^ ^Pi,P2,p,q\\^\\Li' (N)- 

as p' 2 < p' < p'i ■ The last result is equivalent to (by duality) 

\\f(a + ij q p, -)\\li{n) < C P i ,P2,p,q\\f\\p,oo- 

□ 

It is clear that for p, q, a as in the second part of the theorem above and 1 < r < oo, if / G L p ' r {S) 
then 

1/9 



iV 



|/(a + »7„p,n)|«dr») < C P ,J/||;, 



To have a norm estimate of /(A, •) which is uniform over the strip S q , we consider a weighted measure 
space (N, Pi(n)dn). 

Corollary 3.4 (Restriction on strip). Let 

L q {N,P l ) = {/ measurable on N \ \f{n)\ q P l {n)dn < oo}. 

J N 

(a) Let 1 < p < q < 2 and 1 < r < q. If f G I?' 00 ^) then 

||/(A, •)lli-(Ar,Pi) < Cp,<?ll/llp,oo 

/or any A m i/ie strip S q = {z G C | < 7 g p}. 

(b) Letl<p<q<2 and f e L P '°°(S). Then 

||/(A, 0IU«A W fi) < C x , p Jf\\; >00 for all A G 

(c) For p < q < qi < 2, A G K 

ll/(A + 



6 



S. K. RAY AND R. P. SARKAR 



Proof. Applying the arguments of [HI Corollary 4.4] on Theorem 13.31 we get (a). 

For (b) we take a A e S°. Then A = a + i-f qi p for some q < q\ < 2. We choose a qi such that 
1 < 92 < q < Qi < 2. By Theorem EHfl and as Pi(n) < 1 

||/(a + «7giP)-)IU"i(JV,p 1 ) < C p . qi ll/H 
As (./V, -Pi(n)) is a finite measure space, this implies 

\\f{a + iy qi p,-)\\L<v(N,Pi) < C P ,qi ll/ll 

An interpolation ([TUl p. 64]) between these two results gives (b). 

In (c) we make the constant independent of A by fixing q\ . □ 

We consider the product measure space (Y, dy) — (N, dn) x (M, |c(A)|~ 2 <iA). For a measurable function 
F(X, n) on this measure space we denote mixed norm of F by 



\F\\lq;p> ,r) 



1/9 

\F(-,n)\ q dn 

N 



Theorem 3.5 (Hausdorff- Young Theorem). Let 1 < p < 2. Then 
(a) forp<q< p', 



\f(\ + i 7q p,n)\idn) |c(A)|- 2 dA < C M \\f\\ p . 



(b) for p<q<p',p'<r<oo and 1 < s < oo 

ll7(- + Hg,-)ll(,ir,.) <Cwi]/]i;, s - 

Proof. Part (a) is proved in [14] Theorem 4.6]. 

For (b) we consider the operator T between the measure spaces (S, dx) and (K, |(c(A)| _2 dA) defined 
by: 

Tf(X) = \\f(X + i 7q p,.)\\ q . 

We choose pi and P2 such that 1 < pi < p < p 2 < q. Then by [21 Corollary 4.7 ] ||T/|| p ' < C Pig ||/|| Pl 
and ||T/|| p / < C Ptq \\f\\ P2 . Interpolating them ([U p.197])) we get (b). □ 

We note that part (b) of the theorem above generalizes an euclidean result (see [16j p. 200]) where 
teh inequality is proved for r = s = p' . 

4. The spherical mean operators 

Let at be the normalized surface measure of the geodesic sphere of radius t. For a suitable function 
/ on S we define the spherical mean operator M t f — f * u t . Using the radialization operator R (see 
Section 2) then 

M t f(x)=R(*f)(t) 

where x f is the right-translation of / by x. 

We need to make the radialization operator more precise. We note that if d{x, e) — t where x = 
na r e S and n = (X, Y) then 

(coshi) 2 = [coshr + e r \X\ 2 ] 2 + e 2r \Y\ 2 . 
We define the surface for any t > \s\, 

T M = {(X,Y) G R rn x R k | (cosht) 2 = [coshr + e r |A| 2 ] 2 + e 2r |Y| 2 }. 
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Then T M is the set of points P = P(X, Y) G 



= N such that d(Pa s ,e) = t. Let dwt, s be the 



induced measure on T tjS such that for a suitable function <f> on R m x R , 
/ §{X,Y)dXdY = I I $(P)dw tiS (P) 

il m xE* Jt>\s\ JT t:S 

Then the radialization opertaor R can be defined by the following: 



dt. 



R(m) = I 

J\s\<t 



$(X,Y,a s )dw t , s (X,Y) 



~ 2ps ds. 



Using this expression of radialization we shall prove the (p,p) property of M t . 
Proposition 4.1. For 1 < p < oo 

\\M t f\\ p < ^ pP (a t )\\f\\ P - 

Proof. For convenience let us denote the variable point (X, Y, a s ) in the integration defining radialization 
R simply by P. We recall that M t (f)(x) = R( x f)(t). 

\ VP 
\M t f(x)\ p dx\ 

i/p 



< 



(if f x f(P)dw t , s e- 2ps ds dx) 

\JS J\s\<tJT t: , J 

f f ( f \ x f(P)\ p dx) ^ dw t , s e- 2ps ds 

J\s\<t JT t . s \J S J 



s\<t JT t ,. 
/lip 



\ VP 

\f(x)\ p e 2ps dx) dw t , s e 
e 2ps/p dw t s e~ 2ps ds 



- 2ps ds 



s|<t JT t , s 
= ll/llp^7pp( a *)- 

In the last step we have used that e 2ps ' p = e 2pA ^l p and as 1/p = (1/2 - i(ij p p)/2p), R{e 2pA ^' p ){t) 
4>i-y P p{ a t) (see Section 2). 



□ 



Since for t > <j>i W {a t ) X e - < - 2p / p "> t for 1 < p < 2 and 



we have from above 



||-Mt/||op < e i - 2p l' p '* or < e ^pIv) 1 depending on p < 2 or p > 2. Here ||M t /|| op is the operator norm 
of M t from L P (S) to L P (S). The proof of the proposition above for symmetric space is given in Section 
6. 

Using interpolation ([THl p. 197]) we have 

l|M t /n; )S <c p , s ||/n; !S 

for p E (1, oo), s G [1, oo]. 

Proposition 4.2. For f G L 1 ^) M t f converges to f in L 1 as t -> 0. ^feo for all f G L p ' q (S), 1 < 
p < oo, 1 < q < oo M t / converges to f in LP as t — > 0. 

A standard argument involving dominated convergence theorem and approximation by functions 
in C^°(S) proves the result for L p -spaces. If / G L p - q (S) with p, q as above, then there exists f\ G 
L 1 (5'), /2 G L r (S) with r G (p, 2] such that / = /i + /2 (see [H]). Use of this decomposition gives the 
result for Lorentz spaces. 

Proposition 4.3. For f G L P {S), l<p<2, (M t f)~(X,n) = J(X,n)4> x (t). 



s 
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Proof. We note that 

f{xy)V\{x,ni)dx 



(4.1) 



f(xy)(n^ x (x)P} /2 - iX/Q )( ni )dx 



/(z)(^ A (zy- 1 )P 1 1/2 - lA/Q )(n 1 )e 2 '" 4 ^rfz 



(7r_ A (/)P A (y- 1 ,-))(ni)e 2 ^W. 



In the computations below we shall use the following substitutions in different steps: y = na s and x = 
ri2a r , = a- s n~ 1 a s , nf = a^rn^niar. We shall also use the fact that RV\(-,n)(t) — V\(e,n)(j)\(t) 
(see section 2). 



(M t /)~(A,m)) = / M t f(x)V x (x,m)dx 



f(xy)V\(x,ni)dxdw t ^ s (n)e 2ps ds 
\<t JTt, B JS 

[(K-x(f)V x (y-\ -))K)e 2ps ] dw t An)e- 2 ? s ds 



s|<t JT t . s 
\<tJT t , 3 



f{x){-K-x{x)Vx{y-\-)){nx)e 2ps dx 



dw t . s {n)e 2ps ds 



s\<t JT t 



fi^a^Vxiy^a-rJi^n^e^^^e^dx 



dw t ,s(n)e 2ps ds 



Vxiy-^e^dwt^e-^ds 



s\<t JT t , a 

f{n 2 a r ) 



r{i\-p) e -2 P r dn2 dr 



NxR 



\a\<tJT, 



P x (n 3 a. s ,n')e 4ps dw ttS (n 3 )e- 2ps ds 



e r(iX-p) e -2pr dn2 dr 



□ 



f(n 2 a r ) [R(V X {; n'))(t)} e r < iA -'> e - 2pr dn 2 dr 
f(n 2 a r )Vx(e, n')cpx{tV (l ^ p) e- 2pr dn 2 dr 
/(n 2 a r )(^ A (a;)P 1 1/2 -' iA/Q )(n 1 )dx0 A W (by[HD 

NxS. 

= f(\, ni )Mt)- 

Following Bray we define spherical modulus of continuity for any 1 < p, q < oo as 

Op,Mr)= sup || Af t / - /!!•„. 

0<t<r 

We note that f2 PiP is the same as f2 p . We shall quote two lemmas from [3J. Let j a be the usual Bessel 
function of the first kind normalized by j a (0) = 1- 

Lemma 4.4. For a > —1/2 

C^miJl^yU /Vl-jJ^W sup (l-j a (*))<Cb„wmU(±) a \ 



r I 



0<z<l 
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for two positive constants Ci jQ and 62,0- 

Lemma 4.5. Let a > (3 > —1/2, to > and < p. Then for all <t < to, 

\l~^(a t )\>C\l- Ja (pt)\ 
for some positive constant C = Ct , a .f3- Consequently 



AW) (i) 



dz > C min < 1 



5. Growth of Fourier transform and Moduli of continuity 
We offer the following modification of two main Theorems in [3] mentioned in the introduction. 

Theorem 5.1. Let r > ro > be fixed. 

(a) Let q G [l,oo]. Then for f G L 1 (S) andXeM. 



sup 

A 



min < 1, 



N 



\f(\ + i~f q p, n)\ q dn 



i/>i 



(b) Let 1 < p < 2,p < q < p' . Then for f e LP-°°(S) and X el 

2 s ! / , \ l/q 



sup 

A 



mm < 1, I — 

r 



N 



|/(A + ry g p, n)\ q dn 



— Cp^q^lp^oo [f~\ I 



(c) Let 1 < p < q < 2 and f G Then for \rj\ < j p p and X G 



sup 

A 



min { I . ( — 

r 



\f{X + ir 1 ,n)\ q P 1 (n)dn 



N 



1/9 



The proofs follow from Theorem l3.31 Corollarv l3.4l ('a) and the arguments of the corresponding result 
in [3J. We omit it for brevity. One can also prove similar results using part (b) and (c) of Corollarv l3.4l 
We need the following lemma. 

Lemma 5.2. Let 1 < p < 2 and 1 < q < 00 Let g be a nonnegative bounded continuous function on 
[0, 1] X S and f be a nonnegative function in L p,q {S). Then, 



g(t, -))dt f 



< sup || 5 (t,-)/ii;, r 

p,q [04] 



The proof uses a standard argument involving duality and Fubini's theorem. 
Theorem 5.3. (a) Let 1 < p < 2 and p < q < p' . Then for f G L P (S) 

' y \ 2p") / r \ p'/q 

min { 1 , ( — 

r 



N 



\f(X + i lq p,n)\ q dn\ \c(X)\- 2 dX < C P Mf] - 



(b) Let 1 < p <2, p < q < p' and 1 < s < 00. Then for f G L P ' S (S) and a G [p', 00], 



I/O + ilqP,n)\ q dn 



1/9 



^ ^p,q,r,s Qp.s [fl [ ^ 
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Proof. We shall prove only (b). (b) We apply Theorem 13.51 (b) on the function Mtf — f £ L P ' S (S) and 
subsequently use Lemma l4~5| Lemma l4~4l and Lemma l5~2l to get the result through the following steps. 



+ H 9 pi a t) ~ 1 I ( J I/O +ij q P,n)\ q dn 



1/9 



< Cp,g,r,s||Mt/ — /llp.s- 



Form this we get 



sup 

0<*<l/r 



<t>-+ti qP {at) - 1| / |/(- + i7gp,n)| 9 dn 



JV 



1/'-/ 



This implies 



sup 

0<z<l 



1-Ja(-)| / \f(-+i lq p,n)\ q dn 



1/9 



^p.q.r,s^p,s[f] ( 



From this using Lemma 15.21 we get 
"i 



o 



\l- Ja (-)\dz) / |/(. + < 7g /j,n)|«dn 



AT 



1/'/ 



which implies 



min < 1 



(-)'} (J N \f(-+i7 q P,n)\"dn) 



i/'/ 



Through similar arguments we can prove (a) applying Theorem 13.51 fa) on the function M t f — f □ 



6. Appendix 

In this section we consider the noncompact riemannian symmetric spaces X of rank one. Most of the 
notations are standard and can be found in [3]. It is not difficult to see that all the theorems proved 
for Damek-Ricci spaces will have analogue for symmetric spaces where N will be replaced by K and 
the Fourier transform defined in Section 2 will be substituted by the usual Helgason Fourier transform. 
As K is compact and hence a finite measure space, some of the statements will look simpler here, e.g. 
Pi(n) will be substituted by 1. We shall omit these results here except for one additional result for 
symmetric spaces (Theorem I6.3[) . We begin with a proof of the norm estimate of M t . 

For a function / on G/K, let M t fx) = J K f(xka t )dk. Then M t f is a right if-invariant function 
and hence a function on G/K. We will see below that M t is a bounded operator from L P (G/K) to 
LP{G/K) for every p > 1 and ||M t || op < e^ 2 ^''* or cH^/p)* depending on p < 2 or p > 2. Here || ■ |] op 
denotes the operator norm. 

Proposition 6.1. M t is strong type (p,p) and \\M t f\\ p < \\f\\ P 4>i lp p{at)- 

Proof. If x = nak then M t f{x) = M t f(na). Thus J G \MJ(x)\ p dx = J NxR \M t f{n 2 a s )\P e - 2ps dn 2 ds. 
Therefore 

(6.1) ||M t /|| p < f ( f \f(xka t )\ p dx) h 1 dk= [ (I \f(n 2 a s kat)\ p e- 2ps dn 2 ds) * ' dk. 

JK \JX / JK \JNxR / 
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For the inside integral we put kat — nia r k\. (Then H{a t k ) 

\f(n 2 a s kat)\ p e~ 2ps dri2ds 



•) 



a?x; 



Nxl 



ATx] 



\f(ri2a s nia r )\ p e 2ps dri2ds 

\f {n2n^a s ^ r )\ p e^ 2ps dn2ds where 713 = a s n\a„ 

\f(na s )\ p e' 2ps e 2pr dnds 



TVxI 



|/||?e 



P P 2pr 



-2pff(a t _1 fe _1 ) 



□ 



We put this back in to get ||M t /|| p < ||/|| p <j> hpP {a t ) 

The proposition above has the following interesting corollary. 
Corollary 6.2. For any p 6 [1,2) if X e S° then \<f>\{a t )\ < 4>i lpP {a t )- 

Note that there is no constant in the inequality. 

Proof. We note that M t (j)\{x) = J K (j)\{xka t )dk — <f)\(x)(f>\(at). For p e [1,2), we take A £ 5°. 
Then cf>\ 6 LP (S). Using the Proposition above we see that, ||M t 0A|| p ' < <\>i lv (a,*) ||0a Hp.' and hence 
\M a t)\H\\\ P > < ^ P {a t )\\<p x \\ p ,. Thus \<f>x( a t)\ < <t>ii P {<H) for all A G 5°. 

On rank one symmetric space X = G/K by [T2l Lemma 1] we have the following additional result. 

Theorem 6.3. Ifl<p<2, then 

'V 
r 



□ 



sup 

A 



min < 1, 




\f(X + i lp p,k)\ p dk 



i/p 



<c P n p .i[f] 



and 



sup 

A 



min < 1 , 




f{\-i lpP ,k)\ p dk 



References 



i/p' 



<c p n pA [f] 



1. Anker, J-P.; Damek, E.; Yacoub, C. Spherical analysis on harmonic AN groups. Ann. Scuola Norm. Sup. Pisa 
CI. Sci. (4) 23 (1996), no. 4, 643-679 (1997). MR1469569 (99a:22014) 

2. Astengo, F.; Camporesi, R.; Di Blasio, B. The Helgason Fourier transform on a class of nonsymmetric har- 
monic spaces. Bull. Austral. Math. Soc. 55 (1997), no. 3, 405-424. MR1456271 (98j:22008) 

3. Bray, W. O.; Pinsky, M. A. Growth properties of Fourier transforms via moduli of continuity. J. Funct. Anal. 
255 (2008), no. 9, 2265-2285. MR2473257 

4. Cowling, M. The Kunze-Stein phenomenon. Ann. Math. (2) 107 (1978), no. 2, 209-234. MR0507240 (58 
#22398) 

5. Cowling, M. Herz's "principe de majoration" and the Kunze-Stein phenomenon. Harmonic analysis and number 
theory, 73-88, CMS Conf. Proc., 21, Amer. Math. Soc., Providence, RI, 1997. MR1472779 (98k:22040) 

6. Cowling, M.; Dooley, A.; Kornyi, A.: Ricci, F. H-type groups and Iwasawa decompositions. Adv. Math. 87 
(1991), no. 1, 1-41. MR1102963 (92e:22017) 

7. Eguchi, M.; Koizumi, S.; Tanaka, S A Hausdorff- Young ineguality for the Fourier transform on Riemannian 
symmetric spaces. Hiroshima Math. J. 17 (1987), no. 1, 67-77. MR0886982 (88h:22015) 

8. Eguchi, M.; Kumahara, K. An L p Fourier analysis on symmetric spaces. J. Funct. Anal. 47 (1982), no. 2, 
230-246. MR0664337 (84e:43010) 

9. Folland, G. B. A course in abstract harmonic analysis. CRC Press, Boca Raton, FL, 1995. 

10. Grafakos, L. Classical and Modern Fourier Analysis. Pearson Education, Inc. New Jersy 2004. 

11. Helgason, S. Geometric analysis on symmetric spaces. Mathematical Surveys and Monographs, 39. Amer. 
Math. Soc, Providence, RI, 1994. MR1280714 (96h:43009) 



12 



S. K. RAY AND R. P. SARKAR 



12. Lohou, N.; Rychener, Th. Some function spaces on symmetric spaces related to convolution operators. J. Fund. 
Anal. 55 (1984), no. 2, 200-219. MR0733916 (85d:22024) 

13. Mohanty, P.; Ray, S. K.; Sarkar, R. P.; Sitaram, A. The Helgason-Fourier transform for symmetric spaces. II. 
J. Lie Theory 14 (2004), no. 1, 227-242. MR2040178 (2005b:43005) 

14. Ray, S. K.; Sarkar, R. P. Fourier and Radon transform on harmonic NA groups. Trans. AMS, to appear. 

15. Sarkar, R. P.; Sitaram, A. The Helgason Fourier transform for symmetric spaces. A tribute to C. S. Seshadri, 
467-473, Trends Math., Birkhauscr, Basel, 2003 

16. Stein, E. M.; Weiss, G. Introduction to Fourier analysis on Euclidean spaces. Princeton Mathematical Series, 
No. 32. Princeton University Press, Princeton, N.J., 1971. MR0304972 (46 #4102) 

Department of Mathematics and Statistics, Indian Institute of Technology, Kanpur 208016, India 
E-mail address: skray@iitk. ac . in 



Stat-Math Unit, Indian Statistical Institute, 203 B. T. Rd., Calcutta 700108, India 
E-mail address: rudraOisical . ac . in 



